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Abstract 

A new integrable spin chain of the Haldane-Shastry type is introduced. It 
is interpreted as the inverse-square interacting spin chain with a reflecting 
end. The lattice points of this model consist of the square roots of the zeros 
of the Laguerre polynomial. Using the "exchange operator formalism" , the 
integrals of motion for the model are explicitly constructed. 
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Studies of the Calogero- Sutherland model the Haldane-Shastry spin chain and 
their variants |^ have provided many new links with other areas of physics and mathe- 
matics. In particular, these models provide exactly solvable models in which the ideas of 
the fractional exclusion statistics can be tested [|,||. 

In ref. P], with a view to proving the quantum integrability of the Calogero-Sutherland 
model and, its rational version, the Calogero-Moser model confined in a harmonic poten- 
tial (we call the Calogero model), Polychronakos had proposed the so-called exchange 
operator formalism. His clever formalism could be applicable not only to the continuum 
models but to the lattice models and has become a standard technique to study the in- 
tegrability and the spectrum of the inverse- square interacting systems |0-12|. Within the 
exchange operator formalism, all of the inverse-square interacting lattice models can be 
related to the appropriate continuum inverse-square interacting models with the internal 
degrees of freedom (spin). More precisely, the lattice models are obtained by freezing out 
the kinematic degrees of freedom in the corresponding continuum models, and lattice sites 



lie at the classical static-equilibrium positions of the continuum models |jT3|-|T^. For ex- 
ample [p|,p!6|, the Haldane-Shastry model is related to the spin Calogero-Sutherland model 
||17|,|7|,[I8[| whose classical equilibrium positions form a regular lattice on the circle. 

Polychronakos ||I6| has applied his formalism to constructing the new lattice model 
related to the spin Calogero model |]7|, p^ , pl] , [T9| , |20| . We call this model the Polychronakos- 
Frahm (PF) model PT| , P^ . The lattice sites of the PF model are positioned at the zeros 
of the Hermite polynomial, i.e., the spins are no more equidistant. Against this unusual 
property, the spectra of the PF model are equally spaced and therefore simpler than those 
of the Haldane-Shastry model. Thus the fractional exclusion statistics for the elementary 
excitations of the PF model is more tractable than one of the Haldane-Shastry model ||22[ 



On the other hands, in ref. p3| , ^ , an another generalization of the spin chain model, 
the Haldane-Shastry model with open boundary conditions (-BCAr-type Haldane-Shastry 
model), has been introduced. This model is related to the BCN-tjpe spin Calogero- 
Sutherland model |2^,26]. It is now well known that such BC^-tYpe models can be 
applicable to analyzing the physics with boundaries [P^-PD|. In particular, one of the 
authors and his collaborators have shown that the above models possess the properties of 
the chiral Tomonage-Luttinger liquids fS^ . 

The aim of this letter is twofold. The first is to prove the integrability of the Bj^i- 
type spin Calogero model |^ within the exchange operator formalism. The second is to 
construct the new integrable lattice model related to the i?Ar-type spin Calogero model. 
This lattice model is thought of as the "intersection" of the PF model and the BC ^-type 
Haldane-Shastry model. 

Before turning to the explicit calculation, we shall briefly mention this new integrable 
spin chain. The Hamiltonian is given by, 
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where is the number of sites and 7 G R is a parameter. In the above Hamiltonian we 
have introduced the -B^f-type spin exchange operators for the zz-component spin variables 
P^ , PT| ; the operator Pj^ exchanges the spins at the sites j and k, the operator Pj is defined 
by the condition Pj^ = 1 and thus is regarded as a reflection operator of the spin at the 
site j, and finally the operator Pjk is defined by Pjk = PjPkPjk- Also it will be shown 
that, from the integrability condition of the model, lattice points x/s lie at the square 
roots of the zeros of the Laguerre polynomial L^p^~^\y) (see, for the notation, ref. [p^] ). 
It is well known that the Laguerre polynomial L^^\y) with a > —1 (resp. = —1) has 
distinct roots, < yi < 1/2 < ■ ■ ■ < i/n (resp. = yi < y2 < ■ ■ ■ < yN) @- Therefore the 
lattice of the model is well defined and does not contain negative sites. For example, in 
the case A^ = 4,7 = 2, the model has the lattice (0.86, 1.60, 2.39, 3.31). 

There are several points which should be noticed in (|1|). Clearly, the Hamiltonian (|1]) 
is not translationally invariant because the lattice is not uniform. Even if we suppose that 
the lattice is uniform, the terms Pjk/{xj + x^)^ and Pj/x'j in (|l]) break the translational 
invariance. The term Pjk/ {xj + XkY represents the interaction between the j-th. spin and 
the "mirror-image" of the k-th. spin. With an appropriate choice of the representation of 
the operator Pj, the last term of (P can be regarded as magnetic fields whose magnitudes 
are proportional to the inverse-square of the positions of the sites. From these observa- 
tions, the origin x = can be regarded as a reflecting end of the system. Then we call 
the model with Hamiltonian (|I|) the PF model with reflecting end or the i^^v-PF model 
(if 7 = 0, we call the Djy-PF model). 

Consider now the integrability of the i?Ar-type spin Calogero model. We first recall 
the i?Ar-type spin Calogero model. The Hamiltonians of the i?Ar-type spin Calogero- Moser 
model and the B^-type spin Calogero model are respectively given by pi|] . 
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(2) 
(3) 



where P, Pi G R and u G R>o are coupling constants, and dj 
already introduced the operators Mj,Mjk and Mjk{= MjMkM 
-BAT-type (coordinate) exchange operators, and are defined by the action on the coordinates 



In (I), we have 
which are called the 



X 
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MjkXj = XkMjk, MjXj = —XjMj. 



(4) 



It is easy to see that these operators satisfy the following relations; 
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M,k^ = 1, 
MjMk = MkMj, 



(5) 
(6) 
(7) 
(8) 
(9) 
(10) 



Remark that the B]\r-tjpe spin exchange operators Pj, Pjk and Pjk also satisfy the above 



relations [31 



The Hamiltonians @ and @ does not contain the terms related directly to the spin. 
The spin degrees of freedom are introduced as follows. Let = C°°{C^) ® V where 
V denotes the space of spins, for example, (C)*^^. Then operators Mjk, Mj, Pjk and Pj 
naturally act on this space, and clearly Mjk and Mj commute with Pjk and Pj. Next we 
introduce a projection tt which respectively replaces every occurrence of Mjk and Mj by 
Pjk and Pj after Mjk and Mj have been moved to the right of the expression. Consider 
the -BAT-type "bosonic" subspace 



{fen^l {M,k - P,k)f = 0, (M, - Pj)f = 0}. 



:iii 



For any operator O, the projection n leads to a unique operator O which satisfies (5r2* = 
Ofl'^ and does not contain the coordinate exchange operators. The Hamiltonians with 
the spin degrees of freedom are thus given by the operators h^Hcm) and 7i{Hc)- Also, 
the spinless, i.e., the one-component case can be considered by putting P. 



jk 



1,P, 
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In this case, the conditions in ([TT|) are nothing but the conditions for the i^^r-invariance 
of the wavefunctions. 

First of all, we introduce the operators Vj for later use; 
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(12) 
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Next, we define the B^-type Dunkl operators P^j26|j3^ Dj by 



(16) 



Using [dj,Xj] = 6jk, Mjdj = —djMj, Mj^dj = dkMjk, etc., we can show that the B]\r-tjpe 
Dunkl operators Dj together with the coordinates Xj satisfy the following relations. 



[Dj,Dk] = 0, [xj,Xk] = 0, 
[Dj, Xk] = Sjk I 1 + /9 E(^i' + ^iO + 2/3iiVfi 



(17) 
(18) 

(19) 



Finally we introduce another type of the i?7v-type Dunkl operators, 

= Dj =1= LUXj 

which satisfy the similar relations among -D/s and x/s; 



M^Df = -DfMj, MjkD 



(20) 

(21) 
(22) 
(23) 

In fact, if we redefine Df by Df/^/2uj, then {Dj,Xj} and {D^,D~} have the same 
algebraic structure. 

Remark that we can lead to the similar results starting with the gauge transformed 



[Dj,Dl] = 2uj[D,,Xk]. 



versions of the Dj and D^] 
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Df = A{xy^DfA{x) = Dj -{u± uj)xj, 



(24) 
(25) 
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n 



j<ky-^j 



X 



2\f3- 



Ui and A{x) = A{x) exp(-f Zj x]). 



As the ordinary case f^JT^, the integrals of motion for the i?Ar-type (spin) Calogero- 
Moser model and the -B^v-type (spin) Calogero model can be constructed by using the 
Dunkl operators Dj and Df, respectively. Moreover, under an appropriate transformation 
of the coordinates, the integrals of motion for the i?iv-type (spin) Calogero- Sutherland 
model are related to the operators XjDj. Then we shall unify the construction of these 
integrals of motion following ref. |3^Q- For this purpose, we introduce the operators. 



^Precisely speaking, this treatment is not convenient to the case of the SAr-type (spin) Calogero- 
Moser model, because the involutiveness of integrals is clear from its definition. 
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Si = {pD, + qx,){p'Dj + (26) 

where g, q' G C. They satisfy the relations 

M,H, = H,M,, M,-fcH, = HfcM.fc, (27) 
[H„H,] = (pg'-p'g)/3(H,-Hfc)(M,fc + M,fc). (28) 

From the above formulae we can show the key formula, 

m 

[^l H™] = {pq' - p'q)(3 Y: Sr%^] - ^l)^-\M,, + M,,). (29) 

a=l 

Let us consider the quantities 

AT 

Tn = E 3"- (30) 

Then the involutiveness of T^'s is clear if pq' — p'q = 0. On the other hand, in general, 
using the formula (EUp and then explicitly antisymmetrizing in the index, we can prove 
the involutiveness of T„'s as follows; 

N m 

= (pq - A)/5 E E[Sr'^(M,fc + M,fc)Hr'^-^ - (M,, + M,,)Hr^] 

j,fc=l a=l 

Af / m n+m \ 

= (m' - P g)/3 E E - E + M,.)Hr'^-i 

i,k=\ \a=\ a=n+l y 

= ^^' /'^^ E E- E -E+ E 3— (M,. + M,,)Hr-^ = o. 

j,fc=l ya=l a=n+l a=l a=r)i+l y 

Moreover, from the i?Ar-symmetry of T„, i.e., [Mjfc, T„] = [Mj,T„] = 0, the projections 
7r(T„) are also involutive. 

Specializing the parameters p,p',q and g', we define the two sets of the involutive 
operators {1^^} and {/^} corresponding to the -BAr-type spin Calogero-Moser model and 
the i?7v-type spin Calogero model, respectively; 

N 

1^' = '^nl^.'^.=Y.iD,f\ (31) 

N 

In = TTnl .^.'^1 = EiDlDrr. (32) 

-9=9'=" j—i 

Note that, in contrast to the ordinary (spin) Calogero-Moser model, the integrals 
depend only on Dj. This fact reflects the absence of the translational invariance in the 
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T„| p=o,p'=i are related to the BCN-type spin 



-l,<j'=0 



Hamiltonian (^. Note also that I^'^ 
Calogero-Sutherland model. 

The Hamiltonian He (resp. Hcm) is expressed by the operator I^^^ (resp. If); 



HcM 

Sc = 



_ tCM 

-'l ' 

tC , p(0) 
J 1 ^AT ; 



where f^^'' 



(33) 
(34) 



cj[A^ + 2(3J2j<k{Mjk + Mjk) + 2(3i Ej Mj]. It remains to show that Z^^^'s 
(resp. 's) commute with Hcm (resp. He)- These can be checked by using the formulae; 



\Hr<M. Di 



[Hc.Df] = ±2uD] 



(35) 
(36) 



Hence the i?Ar-type spin Calogero-Moser model and the -BAr-type spin Calogero model 
are integrable. As mentioned, using the projection vr, we can obtain the corresponding 
integrals of motion which depend on the spin variables. 

Let us now turn to the lattice model related to the -BAr-type spin Calogero model. We 
apply the standard technique due to Polychronakos [0 (see also p6|j37|] ). That is, we 
consider the strong coupling limit (3 ^ oo m the Hamiltonian (^). Since the repulsion 
between particles and also between particles and mirror-image particles become dominant 
in the strong coupling limit, particles are enforced to localize with the positions Xj which 
are taken to minimize the potential. 



N 



V{x) 



1 
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N 



+ /5VE 
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(37) 



Here we rescaled the the coupling constant uj of the harmonic potential in order for the 
system to have a nontrivial limit. Also we rescaled (3i = jSj. Note that u can be absorbed 
into the definition of Xj's. Then we put u = 1. From djV{x) = 0, we can obtain that 
such Xj's satisfy the condition 



2E 

k^j L 



1 



+ 



1 



{Xj - Xk)^ {Xj + Xk)^ 



2 1 

xj 



(38) 



The above formula is equivalent to the condition that yj = x'j are zeros of the Laguerre 



polynomial L^p^~^\y) jTSl . 

In the strong coupling limit /5 — > oo, the elastic modes decouple from the internal 
degrees of freedom (the latter constitute the desired spin chain model); 



H 
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H 
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pn 



PF- 



(39) 
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Here H^ia represents the Hamiltonian for the elastic degrees of freedom and Tipp is the 
Hamiltonian which is obtained by replacing Pj^ and Pj respectively with Mj^ and Mj in 

(g), i.e.,npF = 7c{npF). 

Let us define the operators 



7M,. 



(40) 
(41) 



The operators Vf can be thought of as the large-/? limit of the operators Df. Thus we 
expect that the operators = Z^^i ^"j are the integrals of motion for the B^-PY model. 
We can show the involutiveness of the operators X^^ along the same argument as those 
for the i?jv-type spin Calogero model. The remaining task is to show the commutativity 
of X^^ with TipF- Clearly, it suffices to show [Hpp^Sj] = 0. This can be proved as 
follows. We recall the relation (BSl), 



[HcM,Dj] = 



[- J2 di' - mpF + f3^V, d, - (3Vj 



0, 



(42) 



where 



1 



+ 



1 



{Xj - Xfc)2 {Xj + Xk) 



N . 



(43) 



Let us consider the expansion of the relation ( ^2]) in the power of (3. Since this relation 
holds for all (3, each term must separately vanish. Thus the term of the order gives, 



[npF,v,] = [d„v] = -AY: 

Also the direct calculation show that 



1 



1 



{Xj - XkY {Xj + Xk)^ 



27^ 



(44) 



[npF,xj] = -2Vj. 



(45) 



Using the above two formulae 
we obtain, 



and the properties [Hpp, Mj^] = [Hpp, Mj] = 0, 



[HPF, S,] = {[HpF, Vj] + 2xj)Vj + Vj{[npF, Vj] + 2xj). 



(46) 



If Xj's are chosen to take values in the set of square roots of the zeros of the Laguerre 
polynomial Lj|7' ^\y)., then we have [Rpp^Vj] + 2xj = (-v^ (|38D), hence [Hpp, Sj] = 0. 

Therefore we proved the integrability of the Bj\f-PF model and obtained the integrals 
of motion tt{X^^) for this model. For example, 7r(Xf^) is given by. 
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where 
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Finally, we would like to make some comments on algebraic interpretations of the 
presented results. Our construction naturally leads to the algebra of integrals of motion. 
For example, the Virasoro-like structure is given by 



where 



0, 



-mJn 



[Ln-, Lfn] — {n — ni)Ln+mi 



(49) 
(50) 
(51) 



J„ = (or I^l{2ur\ 



Ln = \j:x,Df^\ for \j:Dj{Drr^'/{2uT^^ 
For the proof, we used the formula, 

1+3 



(52) 
(53) 



- (1 - {P-{D„Dk)M,k - P+{D„Dk)M 



jk 



(54) 



where the polynomials P^{X, Y) are defined by P^{X, Y) = (X" ± F") /{X ± Y). Notice 
that in (|53D the total degree of the operator is always even as the polynomial of xj and Dj 
(or Dj and -Dj"), this fact reflects the _Biv-symmetry. We can also construct the algebra 
of integrals of motion related to the Woo algebra. 

Another important futures are relations to the spectrum generating algebras and the 
Yangian symmetries. One of the authors has shown that the spectrum of the -BAr-type 
spin Calogero model is equally spaced It is easy to see that the same is true for the 
-Btv-PF model. This is caused by the existence of the spectrum generating algebras (|36|) 
and 



[n 



PF,Vf] 



T2Vf. 



(55) 
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Moreover the numerical studies show that the i?Ar-PF model possesses the "super- 
multiplet" structure. The algebra underlying this structure is Yangian PB|,|5U|, 



The 



Yangian symmetries of the B^-type spin Calogero model and the B^-PF model are easily 
see from the transfer matrices of these systems which can be constructed by the Dunkl 
operators Df and Vf. The details will be appeared in |^ . 
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